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Numerical study of cylindrically confined nematic liquid crystals
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Using a Landau—de Gennes free energy, we present a systematic numerical study of nematic liquid crystals
confined in a cylindrical cavity. We discuss the nematic to isotropic phase transition of 4-n-pentyl-
4’-cyanobiphenyl (5CB) in a cylinder with a large length to width ratio and consider the effects of different
surface anchoring interactions and director configurations. We calculate the temperature profile of the scalar
orientational order parameter, heat capacity and latent heat, finding excellent agreement with recent experi-
mental studies, and suggest the practical applicability of the model.

PACS number(s): 61.30.Gd, 64.70.Md, 74.20.De

There is a need to increase the quantitative understanding
of finite size, confinement, and surface effects, as they play a
significant role in many liquid crystal device applications
such as display cells and light shutter devices [1]. Such sys-
tems are interesting because the bulk nematic to isotropic
(N-I) transition is weakly first order, and thus sensitive to
external fields and boundary effects. Studies of nematic lig-
uid crystals in cylindrical cavities permit the modeling of
noncylindrical confining geometries as a collection of cylin-
drical pores [2], allowing for a better theoretical understand-
ing. This numerical study is an attempt using a full
Landau—de Gennes (LdG) free energy that includes bulk
terms, spatial variations of the order parameter and director,
as well as surface ordering and disordering interactions. This
work is aimed at exploring both the orientational and ther-
modynamic properties of nematic liquid crystals confined to
cylindrical pores.

Recent experimental work [3—6] revealed interesting phe-
nomena that have been accounted for via simple theoretical
approaches [7—10]. Heat capacity measurements [3] on nem-
atic liquid crystals (LCs) confined to 0.1 wm radii cylindrical
pores of aluminum oxide Anopore membranes found the N-/
transition to be no longer divergent but rounded, broadened,
and shifted to lower temperature. These effects were depen-
dent on the director configuration in the pores that was var-
ied by surface treatment. Similar shifts in the transition tem-
perature T were observed by optical microscopy [4] on
similar pore size polycarbonate Nuclepore membranes. Deu-
terium NMR studies probing the orientational order and di-
rect configurations carried out on both Anopore [5] and
Nuclepore [6] found several types of director configurations,
configurational transitions, and surface induced nematic or-
dering in the isotropic phase, dependent on surface treat-
ment.

A comprehensive theoretical treatment has been available
through a full LdG approach [7] but it is often simplified
[8,9]. With the availability of powerful computational re-
sources, the ability to numerically implement a complete
LdG approach allows the various experimental observations
to be modeled under a unified theory. Here, we attempt to
bridge the gap between the various experimental and theo-
retical results. The resulting numerical method might be ap-
plicable for other geometries and LCs, hopefully becoming a
useful tool in the understanding of confined LCs.
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We focus on uniaxial LCs confined to cylindrical cavities
of 0.1 pm radii which allows a direct comparison with recent
experimental work. Previous studies of the N-I transition as
a function of pore size and anchoring strength [11] found that
below some critical radii, R<R(, it becomes continuous as
found for planar confinement below some critical thickness
[8,9]. Here, we describe the model used, then discuss the
results in comparison with experiments for R=0.1 um,
which is well below R for the given substrate surface inter-
actions.

The extended LdG model, described elsewhere [7,11], is
based on the expansion of the free energy in a power series
of the tensor order parameter, Q(r), which characterizes
the alignment of the LC molecules. For the uniaxial case,
it is a real and traceless symmetric tensor: Q(S(r),n(r))
=15(3n;n j— 6;j), where § is the scalar order parameter and
n is a unit vector describing the director field. In the nematic
phase, the director field within a cylindrical cavity is given
by

n=isin{) cos® +j sin{) sin® + k cos(2, (1)

where () is the angle between n and the axis of the cylinder,
k, and @ is the angle between n and i, a unit vector in the
plane perpendicular to k. Both the scalar order parameter and
the director are allowed to be spatially dependent.

The total Helmholtz free energy of a uniaxial nematic LC
in the absence of external electric and magnetic fields is
given by

F=f &P f,+ frtfe— GS+3US?
|4

+(3GS—2US?)(sin*0) 8(r—R)], )

where f,, f,, and f, are the regular background (order pa-
rameter independent), the bulk (homogeneous), and the spa-
tial (elastic) parts of the free energy density, respectively.
The terms containing G and U [1,2,8,10] are the
ordering and disordering surface terms, respectively, with
0= /2— ) at the surface. The US? term describes the dis-
ordering effects of surface induced deformations; the —GS
term represents the ordering effect of the surface interac-
tions. Explicitly, the bulk contribution is
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f1=3A,(T—T*)S*+1BS*+ HCS*, 3)

where A,, B, and C are phenomenological material param-
eters and T* is the lowest stable temperature of the isotropic
phase (supercooling temperature).

The elastic contribution consists of f.= fspiayt fiwist
+ foend T fsaddie-splay T fspatiat» Where the different terms, writ-
ten in terms of the Frank elastic energy parameters [7,12],
correspond to

9 Lo+L,

fsplay:Z(Lﬁ” s Sz(v’ﬁ)2= %K“(Vq'i)z, (4a)

fowise=FL1S*(- VX 0)?= 3K (- VXA)?,  (4b)

9 L,+L,
fbend:Z L+ 5

)32(ﬁ>< V xn)2=1K3(nX V Xh)?,
(4¢)

9 L, oA . R N
fsaddie-spay= = 7| L1+ 57| S V[n(V-n)+nx(Vxn)]

= 1K, , V[A(V-A)+ax (VX A)]. (4d)

The spatial term, having contributions from VS and its cou-
pling to n, describes the spatial variations of the scalar order
parameter and the director and is given by

3 L,+L,
fspatialzz L+ 2

3 Ly A
+§ LQ“TS(VS'H)

3(L, . R
+5 _é,— —L;|S(nXVXxn)-VS, (4e)

where L, L,, and L5 are phenomenological material param-
eters. Taking L;#0 and L,=L3;=0, it reduces to the
single elastic constant approximation where K;;=Kp,
=K33, often used for planar geometries [8,9]. For the sur-
face interaction terms, previous work in planar systems
used G#U#0 [9], while G#0 and U=0 for curved
geometries [12]. Here, both G and U vary.

The numerical implementation directly minimizes the to-
tal free energy as a function of temperature. This is done
using finite differences and then minimizing the resulting
discretized free energy for the equilibrium order parameter
tensor by the damped Newton method [11,13]. From the
minimized total free energy, the resulting equilibrium order
parameter is known and several experimental response func-
tions are calculated and compared directly with recent work
[3,5,6]. From Q, the 2H-NMR quadrupole splitting may be
calculated by Av=31AvyS(3 cos’dz—1) where 6 is the
angle between n and the static magnetic field [14]. The heat
capacity is calculated, C= —T(J*F/dT?), as well as the la-
tent heat, [y ;=T .(AS), where S= dF/JT is the entropy and
AS is the change in entropy at the N-I transition [15].

We study 4-n-pentyl-4'-cyanobiphenyl (5CB) confined to
0.1 um radii cylindrical pores having two different director
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FIG. 1. Three-dimensional plot of the average order parameter,
(S), vs T-T%, vs G/U.

orientations at the pore wall, parallel or tangential (axial) and
perpendicular or homoetropic (radial). For 5CB, we use
Ag=8.67X10° JJKm>, B=2.12X10° J/m?®, C=1.74X10°
J/m®, and T*=307.14 K, which is ~1.1 K below T%,, the
bulk N-/ transition temperature [16]. For the elastic con-
stants, we use the approximation L,+L3=2.5L, which is in
reasonable agreement with the experimental range [17]. Us-
ing L;=0.26X10"! J/m and letting L,=L;, this corre-
sponds to K;;=K33 and K,4,/K=1.4. For the radial case
(experimentally obtained after lecithin treatment of the
pores), we use strong surface anchoring parameters with
G=85x10"2 J/m* and U=7.0X10"> J/m? [1,9,10]. For
the axial case (untreated Anopore), a weaker surface ordering
of G=6.0X10"* J/m? is used, an order of magnitude
smaller than in the radial case, consistent with NMR results:
[5]. To compare with bulk, G and U are set to zero, thus
eliminating the surface terms from the free energy. The ratio
G/U describes the competition between surface ordering and
disordering effects.

Several configurations are possible in cylindrical cavities
[5,6,12,18]. It has been shown that for R<R_, there is a
discontinuous transition from the escaped radial (ER) con-
figuration to an isotropic phase with an ordered surface re-
gion, I'* [11]. These are shown in the inset to Fig. 2. As the
cavity radius decreases, equivalent to G/U increasing, there
are three transition sequences in the phase diagram; see
T—T%, G/U plane in Fig. 1. The first is a continuous
transition from an axial or AX (inset to Fig. 2) case to I* for
G/U=0.1. For 0.1=G/U=<0.13, there is a phase transition
sequence of AX to ER to I*, all discontinuously. For
G/U>0.13 a discontinuous transition from ER to planar ra-
dial (PR) (inset to Fig. 2), where a line defect is formed at
the center, occurs below a continuous PR to /* transition.
The last transition involves a gradual increase in the core size
beginning with the line defect in the PR phase.

The test cases, G/U=1.214 for the radial and
G/U=0.08 for the axial, are shown in Fig. 2. There is a
discontinuous configurational transition 7 K below T% ;.
Such an ER configuration was observed 10.5 K below 7%,
for 5CB in 0.1 um Nuclepore [19]. In both the axial and
radial cases, we find a boundary layer remaining deep in the
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FIG. 2. Plot of (S) vs T-T%_, for bulk, axial, and radial cylin-
drical cases. The axial and radial cases correspond to G/U=0.08
and 1.214, respectively. Also shown are the possible distinct direc-
tor configurations in a cylindrical geometry.

isotropic phase, with the radial value being an order of mag-
nitude larger (0.1) than the axial (0.01) at the same 7. The
ER to PR transition involves small changes in energy, and
thus would be very difficult to observe thermodynamically.
The computed heat capacity [20] as a function of reduced
temperature ¢, t=(T—T,)/Tc, for the three cases is shown
in Fig. 3 (top). Comparing with bulk, the axial case retains
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FIG. 3. Calculated (top) and experimental (bottom) heat capaci-
ties for bulk 5CB (solid line and @), axially (O), and radially
(O) confined in Anopore.
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its first order nature, but occurs at a slightly lower tempera-
ture, T-=307.84 K. In stark contrast, the radial case shows a
significant peak suppression, broadening, and appears to be
continuous; it occurs at an even lower temperature,
T-=307.34 K. This is in good agreement with the experi-
mental data [3] shown in Fig. 3 (bottom), confirming a nar-
row pore size distribution for Anopore.

At the same ¢, on the nematic side, the heat capacity
decreases from the axial to bulk then to radial; on the isotro-
pic side, the heat capacity is higher for the radial than the
axial, both above bulk. Again, this is in good agreement with
experiment. For t<<0, the smaller heat capacity of the radial
alignment results from the stronger pinning of the molecules
to the wall; thus, a smaller fraction of the molecules partici-
pates in the ordering as compared with the axial case, where
a larger portion of the molecules are free to participate. For
T>T. (t>0), there is a significant amount of specific heat
present in the system. Our results show that the minimum
free energy for the radial configuration is that of a PR, where
the nematic material is all aligned perpendicular to the
boundary. However, within the temperature range shown in
Fig. 3 (top), the molecules do not escape along k (ER); in-
stead, a line defect at the center is formed. The broad transi-
tion peak is due to a gradual growth in the size of this line
defect into a finite isotropic core. This explains the large
difference in the heat capacity between the radial and the
bulk for t>0. The theory does not take into account the
two-phase coexistence region at a first order phase transition
which would round the divergent nature of the bulk and axial
cases while retaining a certain sharpness in the radial case
[21].

Finally, latent heat (/,) values are calculated for bulk and
confined cases. For bulk 5CB and 4-heptyl-4'-cyanobiphenyl
(7CB), 1, is 1.467 and 2.197 J/g, respectively; both are within
6% of the experimental values of 1.56 and 2.08 J/g, respec-
tively [22]. For the axially confined 5CB, the calculated la-
tent heat decreases to 1.123 J/g as expected since the residual
(S) in the isotropic phase decreases the jump (S) at T fur-
ther weakening this weakly first order transition. For the ra-
dially confined 5C, the latent heat nearly disappears at T¢
being only 0.01 J/g as a consequence of the continuous na-
ture of the transition. The results for the latent heat of the
confined cases need to be experimentally verified.

In summary, we performed a numerical minimization of
the full LdG free energy in which both the scalar and orien-
tational order parameters were allowed to vary spatially. We
showed that the N-I transition in 0.1 um radii cavities is
strongly affected by the surface conditions of the walls, and
the results are in excellent quantitative agreement with ex-
periment. The numerical study should be extended to allow
the order parameter to vary with the polar angle. This would
permit us to incorporate the planar polar (PP) case, where the
two line defects (with strength 3) are present and are located
at the boundary. For small radii the PP configuration is es-
sentially more favorable over the PR. This has yet to be
investigated. It would also be useful to perform *H-NMR
studies with a higher temperature resolution to get a more
quantitative analysis of the configurational transitions. NMR
results combined with an analysis of the full free energy and
an additional theoretical analysis of self-diffusion would
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provide an unambiguous assignment of director configura-
tion information. It would also be useful to carry out specific
heat measurements with lecithin treated larger cavity sizes to
investigate the change in the configurational transitions.
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